
Óðàâíåíèå ïðÿìîé íà ïëîñêîñòè
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Ðàññìàòðèâàåìûå âîïðîñû

1 Óðàâíåíèÿ ïðÿìîé íà ïëîñêîñòè:

÷òî òàêîå ¾óðàâíåíèå ëèíèè¿?

êàêèå áûâàþò óðàâíåíèÿ ïðÿìîé?

çà÷åì èõ òàê ìíîãî?

2 Èçìåðåíèå ðàññòîÿíèé è óãëîâ:

êàêîâà äëèíà îòðåçêà?

ïîä êàêèì óãëîì ïåðåñåêàþòñÿ ïðÿìûå?

3 Äðóãèå ëèíèè â òðåóãîëüíèêå:

êàê îïèñàòü âûñîòó è íàéòè åå äëèíó?

êàê îïèñàòü ìåäèàíó è áèññåêòðèñó?
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Äëèíû ñòîðîí è óãëû

Ðàññòîÿíèå ìåæäó òî÷êàìè

åñëè A = (a1, a2) è B = (b1, b2), òî

|AB| =
√
(b1 − a1)2 + (b2 − a2)2.

Óãîë ìåæäó âåêòîðàìè

åñëè ~a = (a1, a2) è ~b = (b1, b2), òî

cosϕ =
(~a, ~b)

|~a| · |~b|
=

a1b1 + a2b2√
a21 + a22 ·

√
b21 + b22

.

Äëÿ äðóãèõ ðàçìåðíîñòåé âû÷èñëåíèÿ àíàëîãè÷íûå.
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Óðàâíåíèå ìíîæåñòâà

Óðàâíåíèå ìíîæåñòâà íà ïëîñêîñòè

Óðàâíåíèå

f (x , y) = 0 (1)

ñ äâóìÿ ïåðåìåííûìè x è y íàçûâàåòñÿ óðàâíåíèåì ìíîæåñòâà S íà

ïëîñêîñòè, åñëè

(x , y) ∈ S ⇐⇒ f (x , y) = 0,

ò. å. òî÷êà ïðèíàäëåæèò ìíîæåñòâó S òîãäà è òîëüêî òîãäà, êîãäà åå

êîîðäèíàòû óäîâëåòâîðÿþò óðàâíåíèþ (1).

Óðàâíåíèå ìíîæåñòâà â ïðîñòðàíñòâå

îïðåäåëÿåòñÿ àíàëîãè÷íî (f � ôóíêöèÿ òðåõ ïåðåìåííûõ x , y è z).
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Ëèíèè ïåðâîãî ïîðÿäêà

Îïðåäåëåíèå

Ïóñòü f (x , y) = ax + by + c � ìíîãî÷ëåí ïåðâîé ñòåïåíè, ò. å. a 6= 0
èëè b 6= 0. Òîãäà ìíîæåñòâî òî÷åê, óäîâëåòâîðÿþùèõ óðàâíåíèþ

f (x , y) = ax + by + c = 0 (2)

íàçûâàåòñÿ ëèíèåé ïåðâîãî ïîðÿäêà.

Íàáëþäåíèå

Ìíîæåñòâî òî÷åê ïëîñêîñòè ÿâëÿåòñÿ ëèíèåé ïåðâîãî ïîðÿäêà òîãäà è

òîëüêî òîãäà, êîãäà îíî ÿâëÿåòñÿ ïðÿìîé ëèíèåé.
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Îáùåå óðàâíåíèå ïðÿìîé

Âåêòîð ~n = (a, b),
ïåðïåíäèêóëÿðíûé ïðÿìîé,

íàçûâàåòñÿ íîðìàëüíûì

âåêòîðîì ýòîé ïðÿìîé.

ax + by + c = 0 = (~n, ~M0M1)

Ïóñòü M0 = (x0, y0) è M1 = (x , y).

Òîãäà (~n, ~M0M1) = 0

0 = a(x − x0) + b(y − y0) =
ax + by + (−ax0 − by0).

Ïóñòü, íàîáîðîò, M0 è M1

óäîâëåòâîðÿåò óðàâíåíèþ.

Òîãäà ax + by + c = 0,
ax0 + by0 + c = 0, îòêóäà
a(x − x0) + b(y − y0) = 0,

ò. å. âåêòîðû ~n è ~M0M1

ïåðïåíäèêóëÿðíûå.
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Ïðîñòûå ñëåäñòâèÿ

Çíàêè ax + by + c:

¾+¿ äëÿ A,

¾−¿ äëÿ B ,

îòñóòñòâóåò äëÿ M.

×àñòíûå ñëó÷àè

c = 0: ÷åðåç (0, 0);

a = 0: ïàðàëëåëüíî Ox ;

b = 0: ïàðàëëåëüíî Oy .
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Âçàèìíîå ðàñïîëîæåíèå ïðÿìûõ

Ïðÿìûå ñ óðàâíåíèÿìè a1x + b1y + c1 = 0 è a2x + b2y + c2 = 0

ñîâïàäàþò, åñëè èõ óðàâíåíèÿ èìåþò îäíè è òå æå ðåøåíèÿ:∣∣∣∣a1 b1
a2 b2

∣∣∣∣ = ∣∣∣∣c1 b1
c2 b2

∣∣∣∣ = 0 ⇐⇒ a1
a2

=
b1
b2

=
c1
c2
;

ïàðàëëåëüíûå, åñëè ñèñòåìà èõ óðàâíåíèé íå èìååò ðåøåíèé:∣∣∣∣a1 b1
a2 b2

∣∣∣∣ = 0 6=
∣∣∣∣c1 b1
c2 b2

∣∣∣∣ ⇐⇒ a1
a2

=
b1
b2
6= c1

c2
;

ïåðåñåêàþòñÿ â îñòàëüíûõ ñëó÷àÿõ:

òî÷êà ïåðåñå÷åíèÿ � ðåøåíèå ñèñòåìû óðàâíåíèé ïðÿìûõ,

óãîë ìåæäó ïðÿìûìè � ýòî óãîë ìåæäó íîðìàëüíûìè âåêòîðàìè.
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Äðóãèå óðàâíåíèÿ ïðÿìîé. I

Óðàâíåíèå ñ óãëîâûì êîýôôèöèåíòîì

Åñëè b 6= 0, òî

ax + by + c = 0 ⇐⇒ y = −a

b
x − c

b
= kx +m.

m � íà÷àëüíàÿ îðäèíàòà

(y -êîîðäèíàòà òî÷êè M1),

k � óãëîâîé êîýôôèöèåíò

tgϕ = −−c/b
−c/a

.
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Äðóãèå óðàâíåíèÿ ïðÿìîé. II

Êàíîíè÷åñêîå óðàâíåíèå

Åñëè M0 = (x0, y0) è M1 = (x1, y1) � äâå òî÷êè ïðÿìîé, òî äëÿ ëþáîé

òî÷êè M = (x , y) ýòîé æå ïðÿìîé ~M0M = k ~M0M1 èëè

x − x0
x1 − x0

=
y − y0
y1 − y0

= k. (3)

Åñëè x1 − x0 = 0, òî îíî ïîíèìàåòñÿ êàê x = x0;

åñëè y1 − y0 = 0, òî îíî ïîíèìàåòñÿ êàê y = y0.

Âåêòîð ~M0M1 = (x1 − x0, y1 − y0) = (p1, p2) íàçûâàåòñÿ íàïðàâëÿþùèì

âåêòîðîì ïðÿìîé.

Ïàðàìåòðè÷åñêèå óðàâíåíèÿ

x = x0 + kp1, y = y0 + kp2 (k ∈ R). (4)
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Äðóãèå óðàâíåíèÿ ïðÿìîé. III

~p � íàïðàâëÿþùèé âåêòîð,

~r0 � ðàäèóñ-âåêòîð òî÷êè

íà ïðÿìîé,

~r � ðàäèóñ-âåêòîð

ïðîèçâîëüíîé òî÷êè íà

ïðÿìîé.

Âåêòîðíîå óðàâíåíèå

~r = ~r0 + l~p (l ∈ R). (5)
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Äðóãèå óðàâíåíèÿ ïðÿìîé. IV

Óðàâíåíèå â îòðåçêàõ

Ïóñòü a 6= 0 è b 6= 0. Òîãäà ïðÿìàÿ ïåðåñåêàåò îñè â òî÷êàõ (0, u) è
(v , 0). Çàïèøåì åå êàíîíè÷åñêîå óðàâíåíèå ïî äâóì ýòèì òî÷êàì è

ïðåîáðàçóåì:

x − 0

v − 0
=

y − u

0− u
⇐⇒ −ux = v(y − u) ⇐⇒ x

v
+

y

u
= 1

Ïîñëåäíåå ðàâåíñòâî íàçûâàåòñÿ óðàâíåíèåì ïðÿìîé â îòðåçêàõ, òàê

êàê u è v � îòðåçêè, îòñåêàåìûå ïðÿìîé íà îñÿõ.
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Äðóãèå óðàâíåíèÿ ïðÿìîé. V

M = (x , y) � òî÷êà ïðÿìîé, ~r �
åå ðàäèóñ-âåêòîð,

~n � âåêòîð, ïðîâåäåííûé èç

íà÷àëà êîîðäèíàò

ïåðïåíäèêóëÿðíî ê ïðÿìîé è â åå

ñòîðîíó, |~n| = 1,

p � ðàññòîÿíèå îò (0, 0) äî
ïðÿìîé.

Íîðìàëüíîå óðàâíåíèå

Òàê êàê (~n, ~r) = p~n ~r = p, ãäå ~r = (x , y) è ~n = (cosϕ, sinϕ), ïîëó÷àåì

x cosϕ+ y sinϕ− p = 0. (6)
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Ðàññòîÿíèå îò òî÷êè äî ïðÿìîé

Åñëè ax + by + c = 0 � îáùåå óðàâíåíèå ïðÿìîé, òî åå íîðìàëüíîå

óðàâíåíèå åñòü

a

±
√
a2 + b2

x +
b

±
√
a2 + b2

y +
c

±
√
a2 + b2

= 0,

ãäå çíàê ±
√
a2 + b2 âûáèðàåòñÿ ïðîòèâîïîëîæíûì çíàêó c .

Ðàññòîÿíèå îò òî÷êè ñ êîîðäèíàòàìè

(x0, y0) äî ýòîé ïðÿìîé åñòü

|x0 cosϕ+ y0 sinϕ− p| èëè

|ax0 + by0 + c|√
a2 + b2

.
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Äëèíà è óðàâíåíèå âûñîòû

Äëèíà âûñîòû â òðåóãîëüíèêå

ýòî ðàññòîÿíèå îò âåðøèíû äî ïðîòèâîëåæàùåé ñòîðîíû

Óðàâíåíèå âûñîòû

ñòðîèòñÿ êàê îáùåå óðàâíåíèå ïî òî÷êå (âåðøèíà òðåóãîëüíèêà) è

íîðìàëüíîìó âåêòîðó (íàïðàâëÿþùèé âåêòîð ñòîðîíû).

Íàïðèìåð, äëÿ A(1,−2), B(−2, 3) è C (0, 2)

âåêòîð ~BC = (2,−1) íàïðàâëÿþùèé äëÿ BC , íîðìàëüíûé äëÿ AD;

îáùåå óðàâíåíèå âûñîòû: 2x − y − 4 = 0;

êàíîíè÷åñêîå óðàâíåíèå ñòîðîíû ïðåâðàòèì â îáùåå:

x + 2y − 4 = 0;

ïî ôîðìóëå ðàññòîÿíèå îò òî÷êè A äî ïðÿìîé BC ðàâíî 7√
5
.
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Ìåäèàíà

Îäíà òî÷êà � âåðøèíà òðåóãîëüíèêà,

âòîðàÿ � ñåðåäèíà ïðîòèâîëåæàùåé ñòîðîíû:

åå êîîðäèíàòû � ïîëóñóììû êîîðäèíàò âåðøèí;

óðàâíåíèå ñòðîèòñÿ êàê êàíîíè÷åñêîå ïî äâóì òî÷êàì.

Íàïðèìåð, äëÿ A(1,−2), B(−2, 3) è C (0, 2)

M(−1
2 ,

1
2) � ñåðåäèíà ñòîðîíû AB ;

~CM = (−1
2 ,−

3
2),

x

−1/2
=

y − 2

−3/2
� êàíîíè÷åñêîå óðàâíåíèå ìåäèàíû CM.
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Áèññåêòðèñà

Îäíà òî÷êà � âåðøèíà òðåóãîëüíèêà,

íàïðàâëÿþùèé âåêòîð íàéäåì êàê ñóììó åäèíè÷íûõ âåêòîðîâ,

íàïðàâëåííûõ ïî ñòîðîíàì òðåóãîëüíèêà;

óðàâíåíèå ñòðîèòñÿ êàê êàíîíè÷åñêîå ïî òî÷êå è íàïðàâëÿþùåìó

âåêòîðó.

Íàïðèìåð, äëÿ A(1,−2), B(−2, 3) è C (0, 2)

~AB = (−3, 5) è ~AC = (−1, 4),

ïåðåéäåì ê åäèíè÷íûì âåêòîðàì:
(
− 3√

34
, 5√

34

)
è
(
− 1√

17
, 4√

17

)
;

íàéäåì èõ ñóììó:
(
−3−

√
2

34 , 5+4
√
2

34

)
;

ñòðîèì óðàâíåíèå:
x − 1

−3−
√
2
=

y + 2

5 + 4
√
2
.
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