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Ýëåêòðîíû â ìåòàëëå 

Ñ òî÷êè çðåíèÿ çîííîé òåîðèè ê ïðîâîäíèêàì îòíîñÿòñÿ òå êðè-
ñòàëëû, ó êîòîðûõ âàëåíòíàÿ çîíà ÷àñòè÷íî çàïîëíåíà ýëåêòðîíàìè. 
Ýòî íàáëþäàåòñÿ â òåõ ñëó÷àÿõ, êîãäà íà ïîñëåäíåì ýíåðãåòè÷åñêîì 
óðîâíå â àòîìå íàõîäèòñÿ òîëüêî îäèí ýëåêòðîí èëè êîãäà äâå çîíû, 
îáðàçîâàííûå èç äâóõ ñîñåäíèõ óðîâíåé àòîìà, ïåðåêðûâàþòñÿ, è 
îáðàçóåòñÿ çîíà, ñîäåðæàùàÿ 2N  óðîâíåé. 

Ðàñïðåäåëåíèå ýëåêòðîíîâ â ìåòàëëå ïî ðàçëè÷íûì êâàíòîâûì 
ñîñòîÿíèÿì ïîä÷èíÿåòñÿ ïðèíöèïó Ïàóëè, ñîãëàñíî êîòîðîìó â ñî-
ñòîÿíèè, îïðåäåëÿåìîì íàáîðîì ÷åòûðåõ êâàíòîâûõ ÷èñåë n, l, ,lm  

sm  íå ìîæåò áûòü áîëåå îäíîãî ýëåêòðîíà. 
Â ïåðâîì ïðèáëèæåíèè ýëåêòðîíû ïðîâîäèìîñòè (âàëåíòíûå 

ýëåêòðîíû) â ìåòàëëå ìîæíî ðàññìàòðèâàòü êàê èäåàëüíûé ãàç, ïîä-
÷èíÿþùèéñÿ êâàíòîâîé ñòàòèñòèêå Ôåðìè–Äèðàêà. Ñîîòâåòñòâåííî, 
ðàñïðåäåëåíèå ýëåêòðîíîâ ïðîâîäèìîñòè ïî êâàíòîâûì ñîñòîÿíèÿì 
çàäàåòñÿ ôóíêöèåé Ôåðìè–Äèðàêà: 
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ãäå FE  — ýíåðãèÿ Ôåðìè. 
Ýíåðãèÿ Ôåðìè — ýòî ìàêñèìàëüíàÿ 

êèíåòè÷åñêàÿ ýíåðãèÿ ýëåêòðîíîâ â ìåòàëëå 
ïðè 0T = Ê. 

Ïðè 0T = Ê ôóíêöèÿ ðàñïðåäåëåíèÿ 
( ) 1,f E =  åñëè ,FE E<  è ( ) 0,f E =  åñëè 

.FE E>  Â îáëàñòè ýíåðãèé îò 0 äî FE  ôóíêöèÿ ( )f E  ðàâíà åäèíèöå. 

Ïðè FE E=  îíà ñêà÷êîîáðàçíî èçìåíÿåòñÿ äî íóëÿ. Ýòî îçíà÷àåò, 

÷òî âñå êâàíòîâûå ñîñòîÿíèÿ ñ ýíåðãèåé FE E≤  çàïîëíåíû ýëåêòðî-

íàìè, à ñîñòîÿíèÿ ñ FE E>  ñâîáîäíû. 

Äëÿ ýíåðãèè Ôåðìè ïðè àáñîëþòíîì íóëå èìååì: 

 ( )
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ãäå n — êîíöåíòðàöèÿ ñâîáîäíûõ ýëåêòðîíîâ, m — ìàññà ýëåêòðîíà. 
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Ýíåðãèÿ Ôåðìè ñëàáî çàâèñèò îò òåìïåðàòóðû è ïðè 0T > Ê ðàâíà: 
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Ïëîòíîñòü ñîñòîÿíèé, ò.å. ÷èñëî êâàíòîâûõ ñîñòîÿíèé, ïðèõîäÿùèõñÿ 
íà åäèíè÷íûé èíòåðâàë ýíåðãèè â åäèíèöå îáúåìà, îïðåäåëÿåòñÿ èç 
ñîîòíîøåíèÿ: 
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Êîíöåíòðàöèÿ ýëåêòðîíîâ ïðîâîäèìîñòè ìîæåò áûòü ðàññ÷èòàíà 
ïî ôîðìóëå 
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Ïî çàêîíó Îìà ïëîòíîñòü òîêà â ìåòàëëàõ ðàâíà 

 .en σ= =j v E  

Ïðè íàëîæåíèè âíåøíåãî ýëåêòðè÷åñêîãî ïîëÿ E ýëåêòðîíû, êî-
òîðûå èìåþò ýíåðãèþ âáëèçè óðîâíÿ Ôåðìè, ïåðåâîäÿòñÿ íà áîëåå 
âûñîêèå íåçàíÿòûå äðóãèìè ýëåêòðîíàìè ýíåðãåòè÷åñêèå óðîâíè, è 
âîçíèêàåò ýëåêòðè÷åñêèé òîê â íàïðàâëåíèè âíåøíåãî ýëåêòðè÷å-
ñêîãî ïîëÿ. 

Êâàíòîâàÿ ñòàòèñòèêà óñòðàíèëà òðóäíîñòè â îáúÿñíåíèè çàâè-
ñèìîñòè ýëåêòðîïðîâîäíîñòè ìåòàëëîâ îò òåìïåðàòóðû. Ðàñ÷åò, âû-
ïîëíåííûé íà îñíîâå êâàíòîâîé ìåõàíèêè è ñòàòèñòèêè Ôåðìè-
Äèðàêà, ïðèâîäèò ê âûðàæåíèþ äëÿ óäåëüíîé ýëåêòðîïðîâîäíîñòè 
ìåòàëëà 
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êîòîðîå ïî âíåøíåìó âèäó íàïîìèíàåò êëàññè÷åñêóþ ôîðìóëó, íî 
èìååò ñîâåðøåííî äðóãîå ôèçè÷åñêîå ñîäåðæàíèå. Çäåñü n — êîíöåí-
òðàöèÿ ýëåêòðîíîâ ïðîâîäèìîñòè â ìåòàëëå, ò.å. ýëåêòðîíîâ âáëèçè 
óðîâíÿ Ôåðìè, Fλ  — ñðåäíÿÿ äëèíà ñâîáîäíîãî ïðîáåãà ýëåêòðîíà ñ 
ýíåðãèåé áëèçêîé ê ýíåðãèè Ôåðìè, Fv  — ñðåäíÿÿ ñêîðîñòü äâèæå-
íèÿ òàêîãî ýëåêòðîíà. Â êâàíòîâîé òåîðèè ñðåäíÿÿ ñêîðîñòü Fv  
ïðàêòè÷åñêè íå çàâèñèò îò òåìïåðàòóðû, ò.ê. óðîâåíü Ôåðìè ñ èçìå-
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íåíèåì òåìïåðàòóðû îñòàåòñÿ ïðàêòè÷åñêè íåèçìåííûì. Îäíàêî ñ 
ïîâûøåíèåì òåìïåðàòóðû ðàññåÿíèå «ýëåêòðîííûõ âîëí» íà êîëåáà-
íèÿõ ðåøåòêè, äàþùèõ âêëàä â òåïëîåìêîñòü, (íà ôîíîíàõ) âîçðàñòà-
åò, ÷òî ñîîòâåòñòâóåò óìåíüøåíèþ 1 .F Tλ ∼  Ñëåäîâàòåëüíî, ýëåê-
òðîïðîâîäíîñòü óìåíüøàåòñÿ ñ ïîâûøåíèåì òåìïåðàòóðû, è ñîïðî-
òèâëåíèå ðàñòåò ïðîïîðöèîíàëüíî òåìïåðàòóðå T. 
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Ïðèìåðû ðåøåíèÿ çàäà÷ 

4.1. Âû÷èñëèòü ìàêñèìàëüíóþ ýíåðãèþ, êîòîðóþ ìîãóò èìåòü 
ýëåêòðîíû â ìåäè ïðè àáñîëþòíîì íóëå, (ýíåðãèþ Ôåðìè). Ïðèíÿòü, 
÷òî íà êàæäûé àòîì ìåäè ïðèõîäèòñÿ ïî îäíîìó ýëåêòðîíó. 

Ðåøåíèå: 
Ýíåðãèÿ Ôåðìè ïðè 0 Ê ðàâíà 

 ( )
2 2 323 .
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m

π= =
 

Íàéäåì êîíöåíòðàöèþ àòîìîâ, à çíà÷èò, è ñâîáîäíûõ ýëåêòðîíîâ: 

 ,A A A AN N m N m N N
n

V V M V V M M

ν ρ= = = ⋅ = ⋅ = ⋅  

çäåñü ρ — ïëîòíîñòü ìåäè. Â ðåçóëüòàòå, ýíåðãèÿ Ôåðìè ðàâíà 
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Âû÷èñëåíèÿ: 

 
( )

2234 23 3
2 3 18

31 3

1.056 10 6.02 10
3 8.9 10 1.18 10 Äæ 7.4ýÂ.

2 9.1 10 64 10FE π
−

−
− −

⎛ ⎞⋅ ⋅ ⎟⎜ ⎟= ⋅ ⋅ ⋅ = ⋅ =⎜ ⎟⎜ ⎟⎟⎜⋅ ⋅ ⋅⎝ ⎠
 

Îòâåò: 7.4ýÂ.FE =  
 
4.2. Ðàññ÷èòàéòå êèíåòè÷åñêóþ ýíåðãèþ ñâîáîäíîãî ýëåêòðîíà, 

íàõîäÿùåãîñÿ â ñîñòîÿíèè ñ ìàêñèìàëüíîé ýíåðãèåé, â ìåòàëëè÷å-
ñêîì íàòðèè. Êàêîâà èõ ìàêñèìàëüíàÿ ñêîðîñòü? 

Ðåøåíèå: 
Êèíåòè÷åñêàÿ ýíåðãèÿ ýëåêòðîíà, íàõîäÿùåãîñÿ â ñîñòîÿíèè ñ 

ìàêñèìàëüíîé ýíåðãèåé, ýòî ýíåðãèÿ Ôåðìè: 

 ( )
22

2 33
2ê FW E n
m

π= = =
. 

Íà êàæäûé àòîì íàòðèÿ ìîæåò ïðèõîäèòüñÿ îäèí ñâîáîäíûé 
ýëåêòðîí. Êîíöåíòðàöèÿ àòîìîâ (ñì. çàäà÷ó 4.1) 

 ,A A A AN N N NN m m
n

V V M V V M M

ν ρ= = = ⋅ = ⋅ = ⋅  

çäåñü ρ — ïëîòíîñòü êðèñòàëëà. 
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Òîãäà äëÿ êèíåòè÷åñêîé ýíåðãèè ýëåêòðîíà èìååì 
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Íàéäåì ñêîðîñòü ýëåêòðîíîâ 
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Îòâåò: ê 3.12 ,W ýÂ=  6
max 1.05 10 ì ñ .v = ⋅  

 
4.3. Êàêîâà âåðîÿòíîñòü çàïîëíåíèÿ ýëåêòðîíàìè â ìåòàëëå ýíåð-

ãåòè÷åñêîãî óðîâíÿ, ðàñïîëîæåííîãî íà 0.01ýÂ  íèæå óðîâíÿ Ôåðìè 
ïðè 18 C?t = °  

Ðåøåíèå: 
Ôóíêöèÿ ðàñïðåäåëåíèÿ ýëåêòðîíîâ ïî ñîñòîÿíèÿì — ýòî ôóíê-

öèÿ Ôåðìè-Äèðàêà: 
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ãäå 210.01ýÂ 1.6 10 Äæ.FE E E −Δ = − = − = − ⋅  
Âû÷èñëèì  
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Â ðåçóëüòàòå  
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0.67 11
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Îòâåò: ( ) 0.6.f E =  
 
4.4. Êàê è âî ñêîëüêî ðàç èçìåíèòñÿ âåðîÿòíîñòü çàïîëíåíèÿ 

ýëåêòðîíàìè ýíåðãåòè÷åñêîãî óðîâíÿ â ìåòàëëå, åñëè óðîâåíü ðàñïî-
ëîæåí íà 0.01ýÂ  íèæå óðîâíÿ Ôåðìè è òåìïåðàòóðà èçìåíÿåòñÿ îò 
200Ê  äî 300Ê ? 
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Ðåøåíèå: 
Âåðîÿòíîñòü çàïîëíåíèÿ ýëåêòðîíàìè ýíåðãåòè÷åñêîãî óðîâíÿ 

îïèñûâàåòñÿ ôóíêöèåé Ôåðìè–Äèðàêà: 
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Âû÷èñëèì  
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Ñëåäîâàòåëüíî, 

 ( )1 0.579

1
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1
f E

e−
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+
 ( )2 0.386

1
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1
f E

e−
= =

+
 

Â ðåçóëüòàòå ïîëó÷àåì 

 
( )
( )

1

2

0.640
1.086.

0.595

f E

f E
= =  

Îòâåò: ( ) ( )1 2 1.086.f E f E =  
 
4.5. Íàéòè ðàçíèöó ýíåðãèé (â åäè-

íèöàõ kT) ìåæäó ýëåêòðîíîì, íàõîäÿ-
ùèìñÿ íà óðîâíå Ôåðìè, è ýëåêòðîíà-
ìè, íàõîäÿùèìèñÿ íà óðîâíÿõ, âåðîÿò-
íîñòè çàïîëíåíèÿ êîòîðûõ ðàâíû 

( )1 0.20f E =  è ( )2 0.80.f E =  Ïîêàçàòü íà 
ãðàôèêå ( ) .f E  

Ðåøåíèå: 
Òàê êàê 
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0.8 0.8 1,
E
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Δ
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2

4,
E

kTe
Δ

= −  1 ln 4 1.386.
E

kT
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Îòâåò: 1 1.386,E kTΔ =  1 1.386.E kTΔ = −  
 
4.6. Êàêàÿ ÷àñòü ýëåêòðîíîâ 

ïðîâîäèìîñòè â ìåòàëëå ïðè 0Ê  èìååò 
êèíåòè÷åñêóþ ýíåðãèþ, áîëüøóþ 
0.5 ?FE  

Ðåøåíèå: 
×èñëî êâàíòîâûõ ñîñòîÿíèé â åäèíèöå îáúåìà ìåòàëëà ñ ýíåðãè-

åé îò E äî E dE+  ðàâíî 

 ( ) ( )3 2
3

2
2 .dN g E dE m EdE

π= =
=

 

×èñëî ýëåêòðîíîâ, çàïîëíÿþùèõ ñîñòîÿíèÿ ñ ýíåðãèåé îò 0.5 FE  
äî FE  ðàâíî 
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3 2
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3 2 3 23 2
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2
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8
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π

π
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∫ ∫ =

=

 

Îáùåå ÷èñëî ýëåêòðîíîâ â âàëåíòíîé çîíå ðàâíî 

 ( ) ( ) ( ) ( )3 23 2 3 2
3 3

0 0

2 8
2 2 2 2 .

3

F FE E

FN g E dE m E dE m E
π πΔ = = =∫ ∫ = =

 

Òîãäà 
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3 2 3 2
3 2
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1 0.5 0.65.F F

F

E EN

N E

−Δ = = − =  

Îòâåò: 0.65.N NΔ =  
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Çàäà÷è äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ. 

4.7. Ïîëàãàÿ, ÷òî íà êàæäûé àòîì àëþìèíèÿ ïðèõîäèòñÿ ïî òðè 
ñâîáîäíûõ ýëåêòðîíà, îïðåäåëèòü ìàêñèìàëüíóþ ýíåðãèþ ýëåêòðî-
íîâ ïðè 0Ê.  

4.8. Îïðåäåëèòü êîíöåíòðàöèþ ñâîáîäíûõ ýëåêòðîíîâ â ìåòàëëå 
ïðè òåìïåðàòóðå 0Ê,  ïðè êîòîðîé óðîâåíü Ôåðìè 5ýÂ.FE =  

4.9. Îïðåäåëèòü ìàêñèìàëüíóþ ñêîðîñòü ýëåêòðîíîâ â ìåòàëëå 
ïðè 0Ê,  åñëè óðîâåíü Ôåðìè 5ýÂ.FE =  

4.10. Âî ñêîëüêî ðàç ÷èñëî ñâîáîäíûõ ýëåêòðîíîâ, ïðèõîäÿùèõñÿ 
íà îäèí àòîì ìåòàëëà ïðè 0Ê,  áîëüøå â àëþìèíèè, ÷åì â ìåäè, åñ-
ëè óðîâíè Ôåðìè ñîîòâåòñòâåííî ðàâíû 1 11,7ýÂ,FE =  2 7,0ýÂ.FE =  

4.11. Îïðåäåëèòü âåðîÿòíîñòü òîãî, ÷òî ýëåêòðîí â ìåòàëëå çàé-
ìåò ýíåðãåòè÷åñêîå ñîñòîÿíèå, íàõîäÿùååñÿ íà 0,05ýÂEΔ =  íèæå 
óðîâíÿ Ôåðìè è âûøå óðîâíÿ Ôåðìè äëÿ äâóõ òåìïåðàòóð: 

1 290Ê,Ò =  2 58Ê.Ò =  
4.12. Ìåòàëë íàõîäèòñÿ ïðè òåìïåðàòóðå 0Ê.Ò =  Îïðåäåëèòü, âî 

ñêîëüêî ðàç ÷èñëî ýëåêòðîíîâ ñî ñêîðîñòÿìè îò max 2v  äî maxv  
áîëüøå ÷èñëà ýëåêòðîíîâ ñî ñêîðîñòÿìè îò 0 äî max 2 .v  


